ABSTRACT There have been a variety of deadlock control strategies proposed for automated manufacturing systems (AMSs) without taking unreliable resources into account in the framework of Petri nets. However, in addition to deadlocks, resource malfunction problems may also arise to make a system collapse in the real world. This paper develops a new deadlock control method for a generalized system of simple sequential processes with resources (GS 3 PR), where a class of unreliable GS 3 PR (U-GS 3 PR) is considered. Recovery subnets are used to describe an unreliable resource failure and its recovery process in a Petri net model. First, we compute all the strict minimal siphons (SMSs) in a GS 3 PR net. Second, with the concept of max-controllability of siphons, a monitor is added to each SMS. However, the net loses liveness when unreliable resources are taken into consideration with recovery nets being added for their operation places. Then, by using the concept of constraint set, we add related arcs between the transitions in recovery subnets and original monitors. Finally, a robust deadlock controller is designed for the AMSs according to the max-controllability of siphons.
I. INTRODUCTION
As a computer-controlled system, an automated manufacturing system (AMS) can efficiently produce small and medium batch of products, which is composed of numerical control machines. Operations of an AMS can be regarded as a collection of many manufacturing activities. The execution of these activities depends on the availability and allocation of resources required by each activity, and the system can operate according to the resource requirement specification. In the past few decades, rational distribution of resources has been a hot topic of deadlock-free operation in AMSs. The resources can be raw materials, robots, conveyor belts, machine tools, semi-finished products, etc. Wang et al. deal with another topic, i.e., for deadlock resolution, unreliable resources in AMSs are an important issue, since the dynamic low-power
The associate editor coordinating the review of this manuscript and approving it for publication was Mou Chen. reconfiguration of a real-time system in [1] . However, unreliable resources in an AMS, such as machine malfunction, may lead to partial system collapse, which also leads to a deadlock problem [31] , [33] , [37] , [38] . Therefore, it is necessary to design a control strategy that addresses the problem of irrational distribution of resources and unreliable resources.
As a mathematical and graphical tool, Petri nets (PNs) provide a uniform paradigm to represent the behavior and properties of AMS [2] , [24] . Owing to their intrinsic characteristics, they are widely used in supervisory control [3] , [8] , [23] , [43] , deadlock analysis [4] , [5] , scheduling [6] , [25] , [44] - [46] , fault diagnosis [9] , and control implementation [7] of AMSs. From a technical perspective, a majority of researchers conduct studies on preventing a system modeled by PNs from deadlocks via structural analysis [10] - [12] , [14] , [16] - [21] or state space analysis [22] , [26] . Deadlock controllers developed based on the former usually can circumvent the high computational VOLUME 7, 2019 This work is licensed under a Creative Commons Attribution 3.0 License. For more information, see http://creativecommons.org/licenses/by/3.0/ complexity and state explosion problems, but may abandon some good states. Based on arc weights, PNs can be classified into two types: ordinary and generalized. A PN is called a generalized one if there are arcs whose weights are greater than one, while it is called an ordinary one if all arc weights are one. Systems of simple sequential processes with resources (S 3 PR) [12] and generalized S 3 PR (GS 3 PR) [13] , [17] are typical types of ordinary and generalized PNs, respectively. A GS 3 PR becomes an S 3 PR if all the arc weights are changed to be one. We study the robust deadlock control in GS 3 PR in this paper.
Siphon control in a PN has been acknowledged to be a valid way to control deadlocks. A siphon in an S 3 PR is said to be controlled if it cannot be emptied at any reachable marking. An S 3 PR is live iff, at any marking, no strict minimal siphon (SMS) is emptied [12] . In a GS 3 PR, an insufficiently marked siphon can lead to failure by firing some transitions. That is, a marked siphon that does not have sufficient tokens in it can cause dead transitions. Some deadlock control policies in [13] , [14] , [17] have been proposed to prevent the situations that there are not enough tokens left in the resource places of a siphon in a PN.
Up to now, lots of deadlock control strategies have been developed to prevent deadlocks under the hypothesis that no resource fails. However, this assumption is not true for most real-world AMSs. The existing deadlock control policies are not always effective once a resource fails. A resource failure can produce new deadlocks in a controlled net, leading to severe loss before the failure is recovered [27] , [30] , [31] . Therefore, we should devise a robust deadlock approach to keep the liveness property and maintain a continuous production flow for a system even if there are unreliable resources [31] , [33] , [37] - [42] , [47] .
Robust supervisory control issues are addressed for a system with only one resource failure in [28] , [34] , [35] and with only a single unreliable resource type in [36] , respectively. In order to keep a system to be able to process all part types continuously without stopping for repair when an unreliable resource fails, Banker's Algorithm and neighborhood constraints are adopted to allocate system buffer spaces by some researchers. In [29] , the authors deal with the robust supervisor control problem for a system where multiple unreliable resources exist, which is a more general class of systems with resource failures. It develops an algorithm to ensure that the residual system can produce every part type continuously with any subset of unreliable resources that may fail. Yue and Xing [32] improve the algorithm in [28] to obtain more reachable states for AMSs with one unreliable resource.
For S 3 PR, a robust deadlock prevention policy is developed in [31] , where recovery subnets are used to model resource failures and recoveries. Then, deadlocks are prevented by designing monitors via a divide-and-conquer control approach, and between the monitors and recovery subnets normal and inhibitor arcs are added to realize the control. The proposed method can handle S 3 PR with multiple unreliable resources. However, in some situation, it needs time to wait for the repair of a failed resource, resulting in the reduction of resource utilization.
Wu et al. develop an improved robust control method to prevent an S 3 PR with one unreliable resource only from deadlock on account of the policy in [33] . The authors in [33] put forward a concept of constraint set for SMSs, and treat the waiting-for-repair states [31] as bad states and forbid them by the controller. The controllers designed on account of [12] are used to maintain each SMS from being emptied even if an unreliable resource failure occurs. Also, for an S 3 PR, a two-stage robust deadlock control method is developed in [38] . At the first stage, the authors utilize a deadlock control policy based on siphon to analyze the behavior of a system with unreliable resources and design an incomplete robust deadlock supervisor for the model. At the second stage, the supervisor is consummated via a reachability-graphbased approach. The robust supervisors derived in that paper allow that there are multiple types of unreliable resources in an S 3 PR. However, theoretically, designing such a policy consumes an unacceptable long computation time if a PN contains a large number of SMSs and its reachability space is huge.
In [37] , the authors propose methods of robust deadlock control of GS 3 PR based on a reachability graph. By a reachability graph partition method, markings are divided into robust legal markings and forbidden ones. Then, to control deadlocks in a robust way is to prohibit the forbidden markings. The obtained controlled system in this way achieves strong robustness and high behavioral permissiveness with a simple structure. However, the policies in [37] suffer from high computational complexity due to enumerating all reachable markings.
The robust deadlock control methods in [42] and [47] are also designed for generalized PNs with unreliable resources. In [42] , an ES 3 PR (extend S 3 PR) model with a single type of unreliable resources is used. It should be noticed that GS 3 PRs are not a proper subclass of ES 3 PRs and vice versa. In [47] , on the basis of a deadlock avoidance algorithm, Wang and Hu propose a robust control algorithm in the paradigm of systems of sequential systems with shared resources (S 4 R), which can acquire and release resources in a multitype and multiquantity way. Note that the concept of robustness in [47] is different from the one in this paper.
This paper addresses the issue of designing a robust deadlock control strategy for an AMS in the framework of GS 3 PR with an unreliable resource based on siphons instead of reachability graphs. It is well-known that the computation of siphons in a GS 3 PR is the same as that in an S 3 PR according to the definition of siphons. There exist lots of siphon generation methods in the literature [16] . In this paper, we do not focus on the calculation of siphons and we use INA (a very popular software package: https://www2.informatik.hu-berlin.de/ starke/ina.html) to compute the SMSs in a GS 3 PR directly. Compared with the deadlock control policies in [10] , [13] , this study takes resource failures in an AMS into consideration. Compared with the robust deadlock control policies in [31] , [33] , [38] , the policy in this paper is applicable to wider systems since a GS 3 PR model is more general than an S 3 PR.
For an unreliable GS 3 PR, the resource failure problems are analyzed and the concept of constraint set in [33] is introduced to observe all operation places that request unreliable resources, which should be controlled. We add related arcs between the original control places and the transitions in recovery subnets to prevent the controlled siphons from being insufficiently marked when there exist unreliable resources in a net. Finally, a robust deadlock control policy for GS 3 PRs is developed according to max-controllability of siphons.
The rest of this paper is organized as follows. In the next section a deadlock control strategy for GS 3 PR is reviewed. In Section III, a method for modeling an unreliable resource in GS 3 PR is introduced. A novel robust deadlock control policy based on max-controllability of siphons is developed in Section IV. An example is presented to demonstrate the policy in Section V. Finally, Section VI concludes this paper. The basics of PNs and the definition of GS 3 PR are given in Appendix.
II. DEADLOCK CONTROL FOR GS 3 PR BASED ON MAX-CONTROLLABILITY OF SIPHONS
In this section, a deadlock control policy is briefly reviewed based on max-controllability of siphons. The notations and properties of generalized PNs used in this paper are from [26] and, for symbols, please refer to the Appendix. GS 3 PR is a subclass of S 4 R [18] . It is known that the conditions for deciding S 4 R are held for GS 3 PR. Given a place p, we denoted max t∈p • {W (p, t)} by max p • .
Definition 1 [26] : Given a marked GS 3 PR net (N , M 0 ) and a siphon S in N , S is said to be max-marked at a marking
For the net given in Fig. 1 
{W (p 9 , t)} = max{W (p 9 , t 1 ), W (p 9 , t 7 )} = 3 for resource place p 9 , i.e., M 0 (p 9 ) > max p • 9 and p 9 ∈ S 1 , implying that S 1 is max-marked at M 0 .
Definition 2 [26] : Given a marked GS 3 PR net (N , M 0 ) and a siphon S in N , S is said to be max-controlled if it is max-marked at M ∈ R(N , M 0 ).
Definition 3 [26] : If any SMS in N is max-controlled, then we say that a marked GS 3 PR net (N , M 0 ) satisfies the max cs-property (controlled-siphon property).
Theorem 1 [26] : A marked GS 3 PR net (N , M 0 ) is live if it satisfies max-cs property.
Theorem 2 [26] : Given a marked GS 3 PR net (N , M 0 ) and a siphon S in N , if there exists a P-invariant I such that
Assume that a siphon S in a GS 3 PR is composed of n state machines. ∀i ∈ N n , ∀S ∈ ,
}, and P S = ∪ n i=1 P i S . Then, for this S, a non-negative Pvector k S for S is constructed. Further, we assume, without loss of generality, that ∀i ∈ N l , [S] i = ∅; ∀j ∈ N n \N l , [S] j = ∅, where
Definition 4 [15] : Given a siphon S in a GS 3 PR, a Pvector k S for it is constructed as:
In order to explain Definition 4, we compute k S for the SMSs for the net presented in Fig. 1 . We know Theorem 3 [14] : For an SMS S in a GS 3 
Theorem 4 [14] : (N C1 , M C10 ) is obtained by adding monitors for all SMSs in a GS 3 PR model (N µ0 , M µ0 ) according to Theorem 3. Then it is live.
In conclusion, we need to add three monitors represented by v S 1 , v S 2 , and v S 3 , respectively, in accordance with S 1 , S 2 , and S 3 , and the controlled net is shown in Fig. 2 .
III. GS 3 PR WITH AN UNRELIABLE RESOURCE
Considering an AMS with an unreliable resource type, in this section, we model the behavior of resource failure and recovery by PNs. A GS 3 
Let r u ∈ P R be a type of unreliable resources in a system. Then, failures of r u may happen in its operation places in H (r u ). The model structure for the resource failure and recovery here is same as that in [37] . Definition 5 [37] :
and a type of unreliable resources r u , for each p i ∈ H (r u ), its recovery subnet is an ordinary
, where q i is a recovery place corresponding to p i , and t p i and t q i are transitions representing the resource failure and recovery, respectively.
} is the set of related arcs and M ri0 is the initial marking, where
Note that (N ri , M ri0 ) is used to model the failure and recovery activities of an unreliable resource unit in place p i ∈ H (r u ). When a resource unit in p i fails to work, transition t p i fires and the repair of the failure unit is modeled by q i . Firing t q i means that the repaired unit in q i is returned to p i . Resource failure activity t p i is considered to be uncontrollable.
Definition 6: Given a marked GS 3 PR (N , M 0 ) = (P A ∪ P 0 ∪ P R , T , F, M 0 ) and a type of unreliable resources r u , a recovery subnet for r u is added to each
Given a U-GS 3 PR (N U , M U 0 ) and the index set of
where q i , t p i , and t q i are defined according to Definition 5. For the unreliable resource r 3 shown in Fig. 1 , we have H (r 3 ) = {p 4 , p 6 }. A resource in r 3 may fail in p 4 or p 6 . Therefore, recovery subnets should be added to p 4 and p 6 . The new net is a U-GS 3 PR as presented in Fig. 3 , where N A = {4, 6}, Q A = {q 4 , q 6 }, T S = {t p 4 , t p 6 }, and T F = {t q 4 , t q 6 }.
When an unreliable resource breaks down in p 4 , it is necessary to fire t p 4 for removing the token to restore it in q 4 . After that, let t q 4 fire to get the resource unit back to its operation place p 4 . If the same monitors shown in Fig. 2 are added for the U-GS 3 PR in Fig. 3 , the obtained system as shown in Fig. 4 is not live. For example, one unit resource breaks down in one of its operation places p 4 and the controlled net can reach marking Fig. 5 . However, at M 1 , the system cannot handle any part until the faulty unit is repaired and returned to p 4 . That is to say, at such a state, no transitions in the original GS 3 PR (Fig. 1) can fire. Hence, this state needs to be avoided. To ensure the robust liveness of a system when a resource failure occurs, the supervisor must be able to observe the resource failure in its operation places.
Definition 7 [33] :
) be a U-GS 3 PR and r u be a type of an unreliable resource. For S ∈ , the constraint set of S is defined as
Note that the definition of the constraint set helps us easily understand the observation on operation places of r u . For example, the unreliable resource in Fig. 3 is r 3 and H (r 3 ) = H (p 11 ) = {p 4 , p 6 }. According to Definition 7, for S 1 , S 2 , and S 3 , their constraint sets are
, which is called the control zone of a control place v S for S. The control zones for S 1 , S 2 , and S 3 are
Definition 8: Given a U-GS 3 PR (N U , M U 0 ) with r u being a type of unreliable resources, and a PN controller R for
(3) When the failed resources are repaired and return to work in their corresponding operation places, R (N U , M U 0 ) remains live.
IV. ROBUST DEADLOCK CONTROL FOR U-GS 3 PR BASED ON MAX-CONTROLLABILITY OF SIPHONS
In this section, we propose a controller for U-GS 3 PR based on the classical deadlock prevention policy in [15] first, and then show its robustness.
Definition 9: For an SMS S in a U-GS 3 PR, a P-vector k S is constructed as:
Compared with Definition 4, Definition 9 implies that the SMSs in a U-GS 3 PR can be partitioned into three classes as follows. (1) Type one: an SMS in this type contains no unreliable resource and no unreliable resource holder is in its control zone L S , i.e., r u ∈ S and L S ∩ H (r u ) = ∅. For such SMSs, the corresponding monitor based on Definition 9 is same as the one in GS 3 PR obtained by using Definition 4. (2) Type two: there is no unreliable resource in an S in this type, i.e., r u ∈ S, however, its control zone L S contains operation places that request unreliable resource, i.e., L S ∩ H (r u ) = ∅. For such SMSs in this class, we define k S (q f ) VOLUME 7, 2019 for S, where q f is a resource recovery place corresponding to p f and p f ∈ L i S ∩ H (r u ). We add arcs denoted by
Type three: the SMSs in this type contain unreliable resource, i.e., r u ∈ S. The monitors for such SMSs should also observe places in L S \ P S .
Theorem 5: Let S be an SMS in a U-GS 3 
Then, for S, construct k S according to Definition 9 and add a monitor v S to (N U , M U 0 ) such that g S = k S + v S is a P-invariant of the resulting net system (N C , M C0 ), where
• , S is max-controlled. Proof: Assume that r u is an unreliable resource type in a net and M A ∈ R(N C , M C0 ). Then, for each SMS S ∈ , we have the fact that the number of tokens in g S = k S + v S does not change. Depending on whether r u is in S or not, there are two cases.
Case 1: r u ∈ S. If all the resources in N are reliable, the number of tokens in {v S } ∪ L S is a constant. Assume that x units of r u fail at p i (p i ∈ H (r u )). Then, the system moves these units from L S into q i . After the failure resources are repaired, x units of resources come back to p i . The number of tokens in L S ∪ Q A does not change. Also, according to Definition 9, k S (p i ) = k S (q i ) is true. Then, we conclude that, at any reachable marking, if r u ∈ S, the number of tokens in 
, which keeps the number of tokens in v S + k S unchanged.
Consider
Since r∈S R I r and g S are P-invariants of N C , and h S is a P-invariant of N C , we have
It follows from the definition of h S that h S − ∩ S = ∅ holds. Then, we have h S + = S. Hence, S is max-controlled owing to Theorem 2.
We call ξ S the control depth variable of siphon S. Obviously, we have p∈S h S (p)(max p • − 1) < ξ S < M U 0 (S). Note that, in Theorem 5, the controllability of siphon S does not rely on M C0 (v S ) ≥ max v S
• . However, its truth guarantees that transitions in S • can fire at least once [15] .
For an illustration of Definition 9 and Theorem 5, the monitors as shown in Fig. 4 added into the net shown in Fig. 3 should be modified. For S 1 = {p 3 , p 8 , p 9 , p 10 } in the net shown in Fig. 4 without recovery subnets, whose complementary set is Th(S 1 ) = 3p 2 + p 7 . Clearly, the unreliable resource
According to Definition 9 and Theorem 5,
necessary to keep the liveness property.
For SMS S 2 = {p 4 , p 7 , p 10 , p 11 } in the net shown in Fig. 4 without recovery subnets, whose complementary set is Th(S 2 ) = p 3 +p 6 and L S 2 = L 1
, we have α p 6 := 1, and
For S 3 = {p 4 , p 8 , p 9 , p 10 , p 11 } in the net shown in Fig. 4 without recovery subnets, the complementary set is Th(S 3 , we have α p 7 := 1, k S 3 (p 6 ) := 1, and k S 3 (p 7 ) := 1. Therefore, k S 3 = 3p 2 + 3p 3 + 3p 4 + p 6 + p 7 .
Therefore, the controlled net for Fig. 3 is presented in Fig. 6 . The controlled net is live with 82 states and if there is no resource failure, the controlled net can achieve 36 states.
Based on Definition 9 and Theorem 5, we can get a robust deadlock control strategy (Algorithm 1) for a U-GS 3 PR with an unreliable resource.
Remark: It should be pointed out that Algorithm 1 works for U-GS 3 PRs that satisfy the conditions given in the algorithm due to the max-cs property. In Section V, a detailed explanation on this point will be presented.
) be a U-GS 3 PR with an unreliable resource r u . Then, the PN controller (V , M V 0 ) obtained by Definition 9 and Theorem 5 is robust for (N U , M U 0 ).
Proof: Clearly, based on Definition 9 and Theorem 5, all monitors added for the SMSs ensure that these SMSs are max-controlled. It means that the controlled net satisfies the max cs-property. Hence, the controlled net is live.
Since the controlled net is live no matter a resource failure happens or not, according to Definitions 8, 9, and compute k S i for S i according to Definition 9 5: add v S i to make S i max-controlled based on Theorem 5 with
flag:=1 8: end if 9: end for 10: if flag=1 then 11: Output ''Undecided'' 12: else Output a robust controlled system (N C , M C0 ). 13 : end if 
V. EXAMPLE
The automated manufacturing cell shown in Fig. 7 has four types of machines M1-M4 and three types of robots R1-R3. M3 has five processing units while the other machines have two units. R1 has one processing unit while R2 and R3 have two units. Parts enter and leave the cell through loading buffers I1-I3 and unloading buffers O1-O3, respectively.
Suppose that M3 is an unreliable resource type in this manufacturing system. We can use the U-GS 3 PR in Fig. 8 17 . There are 18 SMSs in the U-GS 3 PR without recovery subnets, in which, 12 of them include unreliable resource M3, and the remainder six SMSs do not. All SMSs with or without M3 being contained in it are shown in Table 1 .
According to Definition 9, these 18 SMSs can be divided into three classes. As shown in Fig. 8 , S 2 does not contain unreliable resource p 6 and L S 2 ∩ H (p 6 ) = ∅, so it belongs to the first class. We add monitor v S 2 , which is the same as that designed by Definition 4.
The second class involves all SMSs that contain no unreliable resource places: {S 1 , S 3 , S 5 , S 7 , S 9 }. For S 1 = {p 3 , p 7 , p 14 , p 26 }, whose complementary set is Th(S 1 ) = 2p 13 + p 25 . Since r u ∈ S 1 and H (r u ) = {p 23 
According to Definition 9 and Theorem 5, 13 . 
Monitor v S 4 is added as shown in Table 2 . For other SMSs in this class, monitors are added in the same way as v S 4 . Then, we obtain the supervisor for the net as shown in Fig. 8 . The controlled net is with 27455 states and if there is no resource failure, the controlled net can achieve 14453 reachable markings.
Note that in Fig. 8 
• , not all transitions in S • 1 can fire. This example provides a large U-GS 3 PR with a type of unreliable resources. However, the robust deadlock control policies in [31] , [33] , [36] , [38] , [39] , [41] are all proposed for U-S 3 PRs. It means that the systems studied in this paper are more general than the ones in these works. More specifically, they cannot design robust liveness-enforcing supervisors for this example. If all arcs' weights in a U-GS 3 PR are equal to one, i.e., the considered net is a U-S 3 PR, it is easy to verify that the method developed in this paper can get the same PN controllers as the method in [33] .
By reviewing the latest robust deadlock control research, we find that the control policies based on reachability graphs in our previous work [37] can deal with this example. The controlled net obtained by the method in [37] is with less monitors and more reachable markings. However, it does not mean that the results in this paper are not significant. Generally, deadlock control strategies based on reachability graphs can approach the maximal permissive behavior, but suffer from the state explosion problem. On the contrary deadlock control strategies based on the structural analysis of PNs avoid in general the state explosion problem successfully, but cannot result in the maximally or near maximally permissive controller. Moreover, the current deadlock control theory based on siphons is fairly mature for ordinary PNs, while for generalized PNs, it is presently at an early stage. The result presented in this paper can be recognized as an important progress in the robust deadlock control of generalized PNs.
VI. CONCLUSION
Most deadlock control policies in the literature assume that all the resources in an AMS are reliable and never break down. However, the machines, robots, sensors or buffers in an AMS may break down at runtime, making most of the existing control approaches invalid and leading to serious productivity loss. This paper proposes a novel method for a U-GS 3 PR such that a system works normally even if resource failure happens. In this paper, we add recovery subnets to the operation places in which resource failures may happen. As a resource failure can reduce the number of tokens in a siphon if r u ∈ S and then the siphons in a controlled system may become insufficiently marked. Therefore, the concept of a constraint set is employed. Also, arcs are added between the monitors and transitions in the recovery subnets to prevent each siphon from being not max-controlled in the case of resource failures. Finally, a robust deadlock control policy is developed based on max-controllability. The robust deadlock supervisor in [33] can control an S 3 PR net with a failure of only one unit of an unreliable resource type, while the strategy in this paper is able to control a U-GS 3 PR with a failure of one or more units of an unreliable resource type. However, this method also prevents some robust legal markings [37] and it needs to add monitors to all the SMSs in a net. In future work, we will try to optimize the behavioral permissiveness of the supervisors and reduce structural complexity.
APPENDIX PRELIMINARIES A. BASICS OF PETRI NETS
A generalized Petri net [2] is a four-tuple N = (P, T , F, W ) where P = ∅ and T = ∅ are finite sets. P is a set of places and T is a set of transitions with P∩T = ∅. F ⊆ (P×T )∪(T ×P) is the set of directed arcs, which is denoted as incidence relation in a net. W : F → N gives a weight for an arc: W (x, y) > 0 if (x, y) ∈ F, otherwise W (x, y) = 0, where N is the set of non-negative integers. A Petri net is an ordinary one, when Given a node x ∈ P ∪ T , • x = {y ∈ P ∪ T | (y, x) ∈ F} is called the preset of x, while x • = {y ∈ P ∪ T | (x, y) ∈ F} is called its postset. We can extend this notation to a set of nodes as follows:
A siphon is said to be minimal if there is no siphon contained in it as a proper subset. A minimal siphon is said to be strict if it does not contain a trap. A strict minimal siphon is denoted as SMS for short.
Given a marking M , an arc (p, t) is said to be enabled if N , M ) and denoted as R(N , M ) . A PN is bounded if there is a positive integer m such that, ∀M ∈ R(N , M 0 ),
A reachability graph of a bounded PN can be denoted as RG = G(R, E), where R = R(N , M 0 ) is the set of nodes (markings) and E is the set of arcs. Firing a transition is denoted by an arc in a reachability graph (RG). A net N = (P, T , F, W ) is pure if ∀p, t ∈ P ∪ T , W (p, t) · W (t, p) = 0 holds. A pure net N can be described by its incidence matrix Let a string y 1 , y 2 , . . . y n in P ∪ T be a path in a Petri net if (y k , y k+1 ) ∈ F, k ∈ N + . A simple path from y 1 to y n is a path whose nodes are all different, which is denoted by SP(y 1 , y n ).
Let (N 1 , M 1 ) and (N 2 , M 2 ) be two nets with
is said to be a synchronous synthesis net resulting from the merge of (N 1 , M 1 ) and (
B. GS 3 PR
In this section, a subclass of Petri nets, GS 3 PRs are defined as below. Note that a GS 3 PR is a generalized version of an S 3 PR, that is, the weight of an arc in a GS 3 PR can be greater than one. A GS 3 PR becomes an S 3 PR if the weight of each arc is changed to be one [17] .
Definition 10 [12] : A simple sequential process (S 2 P) is a strongly connected state machine N = (P A ∪ {p 0 }, T , F), where:
(1) P A = ∅ is called the set of operation places, p 0 ∈ P A is called the process idle place;
(2) every circuit of N contains place p 0 . The Petri net shown in Fig. 9 (a) is an S 2 P, where p 2 , p 3 , and p 4 are operation places and p 1 is a process idle place. Clearly, the net is a strongly connected state machine.
Definition 11 [17] : A generalized simple sequential process with resources (GS 2 PR) is a Petri net
(1) the subnet generated by X = P A ∪ {p 0 } ∪ T is an S 2 P; (2) P R = ∅ (r ∈ P R is called a resource or a resource place in a net formalism) and (P A ∪ {p 0 }) ∩ P R = ∅;
. ∀r ∈ P R , ∃ a unique minimal P-semiflow I r s.t. I r = •• r ∩ P A ∪ {r}, I r ∩ P R = {r}, I r ∩ P 0 = ∅, and I r (r) = 1. Furthermore, P A = ∪ r∈P R ( I r \P R ); (5) the following statements are satisfied: Fig. 9(b) is a GS 2 PR extended from the S 2 P in Fig. 9(a) , where P R = {p 9 , p 10 , p 11 } is the set of resource places. Likewise, the net shown in Fig. 9 (c) is a GS 2 PR, where p 5 is a process idle place, p 6 , p 7 and p 8 are operation places, and p 9 , p 10 , and p 11 are resource places.
Definition 12 [17] :
The couple (N , M 0 ) with N being a GS 2 PR and M 0 being an acceptable initial marking is called a well-marked GS 2 PR. An acceptable initial marking guarantees that each transition is potentially fireable.
Definition 13 [33] : Let (N 1 , M 1 ) and (N 2 , M 2 ) be two PNs with N 1 = (P 1 , T 1 , F 1 ) and N 2 = (P 2 , T 2 , F 2 ), where
is called the composition of N 1 and N 2 via the set of common places P C if:
Definition 14 [17] : A system of GS 2 PR, called GS 3 PR, is defined recursively as follows: (1) A GS 2 PR is a GS 3 PR; (2) 
Definition 15 [17] : Let N be a GS 3 PR. (N , M 0 ) is a well-marked GS 3 PR if one of the two following statements is true:
(1) (N , M 0 ) is a well-marked GS 2 PR; 10 (r), M 20 (r)}. The GS 3 PR considered in this paper is a weighted version of an S 3 PR, i.e., the weight of an arc in a GS 3 PR can be greater than one. As discussed above, both nets (N 1 , M 10 ) and (N 2 , M 20 ) in Figs. 9(a) and (b) are GS 3 PR. They compose a net since they have common resource places p 9 , p 10 , and p 11 . Also, the initial marking in these resource places are M 0 (p 9 ) = max{M 10 (p 9 ), M 20 (p 9 )} = 5, M 0 (p 10 ) = max{M 10 (p 10 ), M 20 (p 10 )} = 1, and M 0 (p 11 ) = max{M 10 (p 11 ), M 20 (p 11 )} = 2. As a result, the GS 3 PR (N , M 0 ) shown in Fig. 9(d) is a well-marked GS 3 PR due to its accordance with Definition 15.
In the sequel, a GS 3 PR N composed of k
Given N in this way, we denote I N = {1, 2, . . . , k}. On the other hand, N i represents the S 2 P from which we form GS 2 PR N i .
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